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Abstract

A class of models with appheations to swirm behavior as well s
many ather tepes of spatindly extended complex biologieal el physical
svstens s studied  Internal Huetuations can play an aetive role in che
oreamzation of the phinse steicture ot sieh svstens Consequent v, s
uot possible to felly understand the behavior of these systems without
explicitly incorporating the fluctnations  In parnenlar, for the elivs
of meadels stidied here the effect of indernad Huetuations due ta tinate
size s renormadized] deerease o the temperature near the pomt of
spontaneons syuunetry breaking We briefly outline how these models
can be applied 1o the hehavior of an ant swarm

In this paper | introduce a class of models whiech is in line with the
hasie processes acting in s variety of systems in nature, pacticularly bio
fowical ones Some systems which fall into this elass are inseet swarins,
swimming, bacteria and algne.|6] physieal 1ol Tormation, the esolution of
river networhs |7 diffusive transport m polvinerie materials 1 populaon
distnibution models, vanoas types of fractal srowth phenomenac B and de
veloprmiental worphogenesis |11

Heete: we sindy what will be cidled stigmergre processes e o renerahiz
tion of the coneept of shiguery) ntrodueed by Greseld) in the context ol
collective nest baildmy, in social mseets The by pothesis of stimerey | as
deseribed by Wilson[ 1], s that of ox the work alivady aceomplished, athe r
than divet commumeation among nest mates, that anduces the insects to
perform wldiional labir - Vhe concept of stipmergy has also been imvohked
tmorte receitly o regnrds to swarm hehiavior 112



[r e ceper o e o stuner e process s readred Bere g
~votersontposed b tiree basic doredhents e tirstineredient s o purtci
g s Whidhe ohevs o NLarkon process on sote limte stade ~space X The
pirrticle density pix, 2 obevs the Master equation

3 : ' ; .
""—:‘—’ / (Wyixiypty. 1) - Wotyixpe. 7)) dly. (1
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where W txiy) is the probability density (o 2o from stiate y to X at tine

Ihe second element s a morphogenetee ficld aotx, 7)., representing, the
emvironment which the particles both respond o, and act on. We will study
one of the simplest sitnatons, afixed one-component pheromonal field wioch
evalves according to

herix.r)

S KN, (2)

i)

where & measures the rate of evaporation, brenkdown or removal of the
substance, and n the rate of emission of the pheromone by the organisins.
Lastly, some form of coupling is made between the perticles and the lield.
This coupling takes the form of n behavioral function which deseribes how
the particles move in response to the morphogenetic tield, and in turn, how
the particles net back on this field.

Ax we shall see. small changes m the meroscopie behavior of the par.
ticles enn result in Inrge changes in the global behavior of the swarm. or
particle field. This varinbility has sgnificant implications not only for the
behnvioral response of the swarm to external stunuli, but also i the evolu
ton of couperative behavior. Wilson has remnshed that an understanding,
ol how this ocears would constitute a techmeal breakthrough of exeting pm
portions. for o el then be possible, by artificially changma the probabiity
matrrees, to estimate the true amount of behamorml evolution wquared to qo
Jrom t'e behamor of | one species to . that of another |11 He has turther
rematked that such lnrge behavioral changes resulting from smadl changes in
the individunl dynamics would provide evidenee that soeid behavior evolves
nl lenst s rnpidly as morphology m socinl imseets. This conld provide an
explanation why behawoml dwersity far outstrips morpholepeal dvwersity at
the level of species and higher taronome categories m social insects

In the region of a nonequulibrnm phase transition the morphogenetae
field, and hence the tranaition nntrix, chnuges very slowly on seales typieal
of the particle field relaxation time sieee i ths region the wnstable modes
will exlnbt entienl slowing down and will relnx on a time senle much longer
than the tme senle of the stable modes Phe paticle modes are sad to be
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where p, o 1s the giiw stationary particle densiy e is o luneton e
~seribine the luenations of the quast stationary particle densay dhonn s
mean value, aned F{Eox b 00 F{&x 5x o0 Mixo - xhmee 0 0
Since po will depend on both the global state of the morphogenetic fiehds,
and on the global boundary conditions, this s a slobally conpled set of equa
tions for the evolution of the morphosenetic ticlds. Slaeing of the partich
Jield thevefore allows an explicitly coupled globel dynamies 1o cmempe from
the stretly local interaetions of the wodel. providing a key 1o how o slobally
inteerated response may emerge from a svstem of loeally acting aents

Uhe the Huetustions in the sestem are state dependent.  In addinon
to amplifying an instability which exists in the alsence of noise, tlas 1y poe
of fuctuation can also produce transinions and ordered behavior s own
richt One of the consequence of this et s Chat slved particle tield will eon
structively determine the sell orgamziation properties of the systetis thmugh
s fluctuating properties, is well as throueh quast stationary valnes  This
t~ it fact which should be constantly be born in mind when study me, =uch
models,

For the purposes of this paper we will consider the case where the
transition matrix tahes the form Wixiy) « Salx)ptix  yn), where f
15 some weighhng funehion deseribing, the effect of the field ¢ on e mo
tion of the partieles, and p'x vy Vis probabulits disteibution of jumps of
leneth v x yl Transition matriees of this type obey detiled balanee
Wix viftory)) Wieyix)frtorxa)  In this case we can detine a0 partition

fum him
\
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where Vs the volume of the state space U oand Vs the total nambeer
of pnrhicles A one o one analowy with a thennody pnme ssstem with en
erpy '(a(x)) and temperature / AU can be miade if we et froix)

expt S (a(x)). where any parameter 1 can be regnrded as o temperature
paranwter if flao(x).a ') [ “totx), 1) Statistical guantites of wtenest
cate be ealoulated trom the piurnion tunetion: aceording, 1o the wsial pre
soeriptions Inoncclostad system the mean panticle density and dissperaon in
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where g1, 1 the volime of the system i energy state o The slaved part
cle fickd i enerey state ¢ can then be represented, to lowest order i the
Huctuations, by paei  F{pgo} + ETidp 1 ¥ell} six.1)

We introduce the dimensionless parameter p N Vothe mean densny
of particles, and i+ g ' the ratio of *he volume of the field six} in
the o ° state to the volume m the o' stiade. We also define the function
Rty St ) fte ) In the mean field approximation a Langevin

equation

'-f!L:'- -m ot Fom) o \%Q(m).‘f(l) (6)

for the order paraneter moean be derived [ 10] where
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and where the F and Q are determined as funetions of m by
" m m .
wmy R (p R ,.) )

Ihe order parameter moas annlogous 1o a0 ens ligpud otder paenmeter, andd
represents the difference i the values of the field m the o' and o States
alter spontaneous svmmetry breahing  The behavior ol this system s e
sertheed by the potential Tanetion

"™ Fim)

Qim)

where the phases i of the system are determiuned by the conditions &'t )
0, ¥'(m,) - 0[h

In the continuum limnit (N - x) it enn be shown that the entienl value
al the mean density p. at which spontaneous symmetry brenhing ocenrs s
piven by the condition o, U(p) 17 Generally g i will inerense with
mereasing, temperature  The relntove stalnlity of two phases my and e s
determuned by the relative potentinls oemy ) and S(my) for ench phase: Fven
i the contmuum liamt the detmls of the Hactuatons ennnot be neglected doe

d(m) olr 4 l,- InQ. 9



to the presence o the Lotor 07 g qeder =G mtesral an 9, md the e e
stabality aof thee phases will depend one thee precise detarls of the neterno,
aetsations, Simlar olservatons hoave boeen made elsewlere by Loaedooer
and others. .

When .V oas linte, the sitmation s <tll more comolicated, T s elear
that the passible vilues of the order parameter ana e phase strieture
do rot remain unchaneed nnder the inttuence of iaternal actuatiors Fhe
criterion for spontancous symmetry breaking in this case is -p- 170,00
T. where I' is the renormalized temperatnure I =(N)I" where =(.V)
V'._\'_TT_:VTT.!—)'-' = N2 This is precisely the continum condition except thit
the finite size fluetustions have the effeet of renormalizing the temperature
by the factor 2(.V) - 1. The effeet of inereasing the internal fluetuations
through decreasing the total number of particles has the effect of decrasing
the temperature. We thus arrive at the seeming paradox that ineroased
internal Huctuations mav produce inerensed order.,

1 will now brielly outline how the previous annlysis can be applied to the
example of an ant swarm. More details can be founed elsewhere 9 In ts
ense the individual ants are the particles, and the morphorenetic tiold is 2
pheromonal substance which the ants sense with their antennae, and emit
from their bodiex ns they move. The basie mensiurement the ants make is
the quantity of pheromone receive by opnch antennae. They can therefore
respanied to dilference in the pheromone between the antennae, and move
aceordingly A very general model of such motion assume that the parnicle
experience a foree which s proportional 1o the scent gradiont a that pomt
multiplied by soine nonlimenr response funetion (o) of the seent at it
point. The nonlinear response function madels the aonlimearities underlmg,
the basic physiology of the sensing apparatus. for instance, any nonlinear
neural -receptor response to the pheromone, indluding such effects as sain
ration ol the receptor sites wn the antennne by the pheromonal substanee
In addition there is an element of rndomness due to fluctuntions m the ex
ternal environment s well as imternal fluctuations.  Fhese are meorporated
into an effective rndem foree with a strenpth i proportion 1o v'7° where
I' is the temperature factor - Fhe motion of aoparticle can b deseribed by
a Langevin equation of the lorm

dx(t)
ot

where F{E(n}) 0 amd EA{E(NetYy  Me ') This ean be wrtten in the

V)N 8 IT S, (1
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whore yorixn vx ) Fasy to show that the behavioral finetion of

sich o sastenm s given by fory oxpe ilon).
Ihe microseopic dynamies of the ants which we will stidy in the rest of
the paper is determined by the response funetion
wWer) an £ U
"o
where p is the pheromone density, and nand ¢ are constants with the units
of pheromone density.  This function is inspired by the observed behavior of
actunl antsi2' The constant o s ronehly "he threshold where the response
of the imts to the pheromone is small unkss p - o, The constant e wili e
known ax the capacity When g approaches ¢ the ants respond less aceurately
to pheromone gradients.  Flis is becanse when the pheromone density is very
large the anennae receptors become saturated and the ant can not sense
the pheromone gnivlient as accurately.
For simplicity we will introduce the dimensionless variable o pitt
and the dimensionless parameter &8 a, e, where 176 is the dimensionless
enpacity. The energy function tukes the form

) In (I - —-—"!;n;), (1)

where we drop off any additive constant term, which have no efleet on the
hehavior of the ants. For the case where the density of antx it low, and henee
the pheromone density is low (p « + ), we can make use of the approxinate
energy funetion {ofor) nter i o)

An llustrntion of this effeet s shown in Figure 1 A given current of
orgnpisms [ flows into a junction from the lef.. On the lower braneh the
pheromone density is fixed at o, and on the upper branch o 8 allowed 1o
viry. T (), the proportion of the current which flows into the upper branch,
15 given by the sigmoidal function

T(o) [V 1 exp i)/ (an))] . (rn

The plots on the nght of Figure | shows T (o) for varying values of .3 and
A The upper plot, where & s fined, shows e inftuence of inereasing, the
tempernture (lowermy, 4) - As the temperature imnerenses the threshold re
sponse beeonuss less and less pronounced  In the opposite limne 4«
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Figure 2: Effective temperature factor

Tur) would be nstep function (g —ay). In this litnit all of the ants would
choose the branch with the greaust pheromone density. lu the lower plot
the noise level is fixed, and the eapacity ¢ o0 is varied. 1L is interesting,
to note that the effects of decrensing the enpneity with fixed temperature
are similnr to the effects of incrensing the temperature with lixed capacity
When the density of the ants increases, the pheromone density inerenses up
to and beyond the enpacity. the quahtative effects on the behavior of the
ants 8 the same as of the ternpermiture way merensrd. This gives the swarm
roughly the ability to modulate its tempernture by maddulating its numbers

Thir enn bee made nore clear by defining an effective tempernture fnetor
Oto) through the relation f(a)  expl SUg(a)/ (o). O(a) ronghly men



sires the etffective change in temperiture as i function of the pheromonal
lieled when compiared 1o the case where & O which correspond to the cnersy
function {4, The effectiive temperature s then given by #tg ) I where

In(l + l_:,'g;)

_ (1o
intl r o)

Ma) -
Fig. 2 illustrates the increase in the effective temperature with increasinig
a for three different values of A, Since increasing the temperature tends to
decrease stability. we might expect any organized behavior to breakdown
when the number of participants grows too large. It is this ability of the
swarm to self-modify its temperature which allows it, in a sense, to traverse
its various phase transition boundaries.

Figure 3 is a typical phase plot for the ant swarm illustraling regions
of homogenenty, bistability and hysteresis.  The plot illustrates the effect
of behavie Jd and swarm parameters on the swarm as a whole. In this
vase & is  behavioral parameter which could be expected to change on
the evolutionary nime scele. and ~. which is proportional to the number of
participants. is a swarm parameter which determines the behavioral “phase”
of the swarm. More details may be fhund in previously pablished papers|Y)|
where the properties of an ant swarm are analyzed in depth, and it is also
shown how the collective behavior of real ants|2| can be understood in terms
of such maodels.
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ares the effective change in temperature as a funetion of the pheromonal
lield when compstred 10 the case where ¢ - D, which correspond to the encray
function { yy. The effective temperature s then given by 8io) " where
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Fig. 2 illustrates the incrense in the effective temperature with increasing
o for three different values of #. Since increasing Lhe temperature tends to
decrease stability. we might expect any organized behavior to breakdown
when the number of participants grows too large. It is this ability of the
swarm to self-modify its temperature which allows it. in a sense, to traverse
its various phase transition boundaries.

Figure 3 is a typical phase plot for the ant swarm illustrating regions
of homogeneity, bistability and hysteresis. U'he plot illustrates the effect
of behavioral and swarm parameters on the swarm as a whole. In this
case O i3 a behavioral parameter which could be expected to change on
the evolutionary time scale, and . which is proportional to the number of
participants, is u swarm parameter which determines the behavioral “phase”
of the swarm. More details may be found in previously published papers|Y|
where the properties of an ant swarm are andlyzed in depth, and it is also
shown how the collective behavior of real ants[2| can be understood in terms
of such models.
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